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Magnetic force microscopy (MFM) allows detection of stray magnetic fields around magnetic
materials and the two-dimensional visualization of these fields. This paper presents a theoretical
analysis of the oscillations of an MFM tip above a thin film of nonmagnetic metal. The results
show good agreement with experimental data obtained by varying the tip height. The phenomenon
analyzed here can be applied as a “metal detector” at the nanometer scale and for contactless mea-
surements of sheet resistivity. The detection sensitivity is obtained as a function of oscillation fre-
quency, thus allowing the determination of the best frequency for the phase-shift measurement.
The shift in resonance frequency due to the presence of a nonmagnetic metal is also discussed.
Published by AIP Publishing. https://doi.org/10.1063/1.5079763
Magnetic force microscopy (MFM) is often used for
detecting stray magnetic fields near the surfaces of magnetic
materials,1–3 with a magnetized tip oscillating above the
material. However, in their investigation of the current-
induced magnetic field from nonmagnetic metal lines,
Tanaka et al.4 reported that MFM can detect small signals
from nonmagnetic materials (see Fig. 4 of Ref. 4). They
attributed the observed small signals in the absence of cur-
rent to an effect of surface topography although they did not
specify this effect exactly. Similar small signals have been
reported by Stiller et al.,5 who investigated the current-
induced magnetic field using a ring-shaped nonmagnetic
metal line and observed a ring in the MFM image without
any current [see Fig. 3(c) of Ref. 5]. However, neither
Tanaka et al.4 nor Stiller et al.5 discussed the origin of the
observed small signals in the absence of magnetic materials
and of currents. In the present work, such MFM signals from
a thin film of nonmagnetic metal are shown to originate from
eddy currents induced in the film by the oscillating MFM tip.
This effect enables us to detect the presence of a nonmag-
netic metal even if it is buried in an insulator, and therefore,
it could act as a “metal detector” in the nanometer region
and be used for defect inspection in metal-line layers in inte-
grated circuits. Moreover, this effect provides a contactless
sheet resistivity measurement method for metallic materials,
including doped semiconductors, where the dopant concen-
tration could be measured without the need for the measure-
ment device to come into contact with the probes.
To simplify the real MFM system, the cantilever of the
device is modeled as a spring with spring constant k, quality
factor Q0, and mass m. Although the real magnetic dipole
moment distributed on the MFM tip surface can be modeled
as a monopole and a dipole moment located at the tip,6–8 we
assume in this work a single magnetic dipole moment p in
the z direction located at the tip end, as is often adopted as a
simple model of an MFM tip.7 Figure 1 shows a schematic
of the system. The equation of motion of the point mass m is
m€zm ¼ k ðzm  zm0Þ  ðu u0Þ½   c _zm þ Fz; (1)
where u is the z position of the fixed end of the spring, c is
the dissipation constant of the system, and Fz is the force
in the z direction. The z positions zm0 and u0 are the equi-
librium positions of the point mass and the fixed end,
respectively.
The force Fz originates from the motion of the magnetic
moment p and is obtained as follows within the quasi-static
approximation. The magnetic flux density at a circle of






 5=2 : (2)
(SI units will be used throughout, but it should be noted that
the unit of magnetic moment adopted here is Wb m, rather than









 3=2 : (3)
If the magnetic moment p moves with velocity _zm in the z
direction, then the induced electromotive force, dU/dt,
causes an eddy current I in the metal thin film (which is
located in the x–y plane) such that
FIG. 1. Schematic of the system under consideration.
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 5=2 _zm ; (4)
where q is the sheet resistivity of the metal thin film.
Interaction between eddy currents at different radii is ignored
in the present work. The eddy current at radius r generates a









z2 þ r2ð Þ3=2 z2m þ r2
 5=2 : (5)


























This equation shows that the direction of the force from the
eddy current is opposite to that of the velocity _zm, as
expected, which leads to additional dissipation and therefore
a reduction in the quality factor, as discussed later.
Using Eqs. (1) and (7), the equation of motion for the
oscillating MFM tip above the metal thin film is








The excitation of the system is assumed to be
u ¼ u0 þ a cos xt; (9)
where the positive constant a is the amplitude of the exciting
oscillation and x and t are its angular frequency and time,
respectively. In the remainder of this paper, because of the
presence of a nonlinear term in Eq. (8), we adopt the small-
amplitude approximation and ignore the higher harmonics.
With these approximations, we can find a solution of Eq. (8)
in the form
zm ¼ zm0 þ A cos ðxtþ /Þ; (10)
where the positive constant A is the amplitude of oscillation
of the point mass m and / is the phase shift relative to the
























and h(x) is the step function. The modi-








which, owing to the additional dissipation, is smaller than




Using Eq. (12), the phase shift at the resonance fre-
quency xr ¼ x0½1 1=ð2Q20Þ
1=2
can be calculated as


















The phase shift above an insulator (or when the tip is far
from the metal surface) is





The phase difference between above the metal and above an
insulator is therefore






where the approximation Q0 1 is used. Equation (18) rep-
resents an additional phase delay due to the eddy current in
the metal.
Figure 2 shows the experimental results obtained using a
25-nm-thick Au thin film with the 1.5-lm gap deposited on a
Si substrate with 800-nm-thick SiO2. The MFM data were
recorded along a 5-lm-long line across the 1.5-lm gap. The
additional phase delay due to the presence of the nonmagnetic
metal thin film can clearly be seen. The observed phase differ-
ence is plotted as a function of zm0 in Fig. 3. The experimen-
tally observed phase differences are quite well fitted using Eq.
(18) with zc¼ 17.4 nm, which means that the theory presented
above provides a good description of the system of MFM mea-
surement of a nonmagnetic metal thin film. We can thus deter-
mine the characteristic tip height zc defined in Eq. (16) by
fitting the experimental data with Eq. (18). Thus, we can deter-
mine the equivalent magnetic moment of the MFM tip, p, if we
already know the sheet resistivity of the metal, q, or we can
determine q if we have already calibrated p. The phase differ-
ence between above the metal and above an insulator was not
observed when a tip for normal atomic force microscopy with-
out magnetic moment was used with similar frequency, dimen-
sions, and probe height, which means that the observed phase
difference originated from the magnetic moment on the tip.
The phase difference between above the metal and
above an insulator depends on the oscillation frequency x
although this is fixed at xr in Eqs. (15), (17), and (18). The
x dependence of the phase shift can be written as
D/ðxÞ  /ðx; zm0Þ  /ðx;1Þ; (19)
with Eq. (12). If we define






then x becomes small when the tip height zm0 becomes large














provides the sensitivity of the phase difference as a function
of frequency x in the case of the large tip height and/or a
high-resistivity metal thin film. The sensitivity S(x) is shown
in Fig. 4 for Q0¼ 200, 100, and 50. As can be seen, the max-
imum sensitivity is achieved at





where the terms of higher order in 1/Q0 are ignored, while
the sensitivity becomes zero at x¼x0. At these optimum





from the maximum, which provides a method for find-
ing the optimum frequencies experimentally. The maximum








which is a factor of Q0 larger than D/xr from Eq. (18). It is
noteworthy that the phase difference changes its sign when
the frequency changes across x0.
The spatial resolution achieved when detecting a metal
thin film using the phase shift of the MFM tip oscillation is
determined by the distribution of the eddy current induced
by the oscillation. From Eq. (4), the current density J at a cir-
cle of radius r is
J / r=zm
1þ ðr=zmÞ2
h i5=2 ; (24)
as shown in Fig. 5. As can be seen, most of the eddy current
is distributed within a radius rzm, which means that the
detection of metal regions smaller than the tip height is diffi-
cult; in other words, the spatial resolution is roughly limited
by the tip height.
Although phase shifts at a fixed frequency of oscillation
have been discussed so far, the force from the eddy current
induced by tip oscillation also changes the resonance frequency
through additional dissipation. The resonance frequency for
FIG. 3. Observed phase difference as a function of zm0. The solid line shows
Eq. (18) with zc¼ 17.4 nm.
FIG. 4. Sensitivity of phase-difference detection for a large tip height and/or
a high resistivity as a function of frequency.
FIG. 2. (a) Cross-sectional drawing of the experimental setup. A 25-nm-
thick Au film with the 1.5-lm gap on 800-nm-thick SiO2 was prepared for
the experiment. (b) Experimental results for the phase and topographic
height. zm0 is measured from the center of the Au film. The lowest curve
shows the topographic height, while all the other curves show the phase.
The phase data are shifted vertically for ease of recognition.
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Fz¼ 0 is well known to be xr ¼ x0½1 1=ð2Q20Þ
1=2
. The shift

















has been used. Such frequency shifts are often utilized in
noncontact atomic force microscopy with the atomic resolu-
tion,9,10 which means that resonance-frequency detection
might have greater sensitivity than phase-shift detection for
experimental detection of nonmagnetic metal.
In summary, theoretical calculations concerning an
MFM tip oscillating above a nonmagnetic metal thin film
have provided the phase shift due to the force from the eddy
current induced by the oscillating tip. The theoretical results
are in good agreement with experimental observations
obtained by varying the tip height. The sensitivity of the
phase shift has been shown to be a function of frequency,
which allows the determination of the best frequency for the
phase-shift measurement. The shift in resonance frequency
due to eddy currents has also been discussed.
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FIG. 5. Current density of eddy current as a function of radius.
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